In this paper, we study some properties of the generalized Apostol-type polynomials (see (Luo and Srivastava in Appl. Math. Comput. 217:5702-5728, 2011)), including the recurrence relations, the differential equations and some other connected problems, which extend some known results. We also deduce some properties of the generalized Apostol-Euler polynomials, the generalized Apostol-Bernoulli polynomials, and Apostol-Genocchi polynomials of high order. MSC: Primary 11B68; secondary 33C65
Introduction, definitions and motivation
The classical Bernoulli polynomials B n (x), the classical Euler polynomials E n (x) and the classical Genocchi polynomials G n (x), together with their familiar generalizations B For the classical Bernoulli numbers B n , the classical Euler numbers E n and the classical Genocchi numbers G n of order n, we have respectively. Some interesting analogues of the classical Bernoulli polynomials and numbers were first investigated by Apostol (see [] , p., Eq. (.)) and (more recently) by Srivastava (see [] , pp.-). We begin by recalling here Apostol's definitions as follows.
Definition . (Apostol [] ; see also Srivastava []) The Apostol-Bernoulli polynomials B n (x; λ) (λ ∈ C) are defined by means of the following generating function:
with, of course,
where B n (λ) denotes the so-called Apostol-Bernoulli numbers. n (x; λ) (λ ∈ C) of order α ∈ N  are defined by means of the following generating function:
where B n (x; λ) (λ ∈ C) of order α ∈ N  are defined by means of the following generating function:
where E (α) n (λ) denotes the so-called Apostol-Euler numbers of order α.
On the subject of the Genocchi polynomials G n (x) and their various extensions, a remarkably large number of investigations have appeared in the literature (see, for example, [-]). Moreover, Luo (see [-]) introduced and investigated the Apostol-Genocchi polynomials of (real or complex) order α, which are defined as follows:
n (x; λ) (λ ∈ C) of order α ∈ N  are defined by means of the following generating function:
n (λ) and G n (x; λ) denote the so-called Apostol-Genocchi numbers, the Apostol-Genocchi numbers of order α and the Apostol-Genocchi polynomials, respectively.
Recently, Luo and Srivastava [] introduced a unification (and generalization) of the above-mentioned three families of the generalized Apostol type polynomials.
Definition . (Luo and Srivastava []) The generalized Apostol type polynomials F (α)
n (x; λ; u, v) (α ∈ N  , λ, u, v ∈ C) of order α are defined by means of the following generating function:
where
denote the so-called Apostol type numbers of order α.
So that, by comparing Definition . with Definitions ., . and ., we have
A polynomial p n (x) (n ∈ N, x ∈ C) is said to be a quasi-monomial [], whenever two operatorsM,P, called multiplicative and derivative (or lowering) operators respectively, can be defined in such a way that
which can be combined to get the identitŷ
The Appell polynomials [] can be defined by considering the following generating function:
is analytic function at t = . From [], we know that the multiplicative and derivative operators of R n (x) arê
By using (.), we have the following lemma.
Lemma . ([]) The Appell polynomials R n (x) defined by (.) satisfy the differential equation:
where the numerical coefficients α k , k = , , . . . , n - are defined in (.), and are linked to the values R k by the following relations:
Let P be the vector space of polynomials with coefficients in C. A polynomial sequence {P n } n≥ be a polynomial set. {P n } n≥ is called a σ -Appell polynomial set of transfer power series A is generated by
where G  (x, t) is a solution of the system:
In [] , the authors investigated the connection coefficients between two polynomials. And there is a result about connection coefficients between two σ -Appell polynomial sets.
. Let {P n } n≥ and {Q n } n≥ be two σ -Appell polynomial sets of transfer power series, respectively, A  and A  . Then
In recent years, several authors obtained many interesting results involving the related Bernoulli polynomials and Euler polynomials [, -]. And in [], the authors studied some series identities involving the generalized Apostol type and related polynomials.
In this paper, we study some other properties of the generalized Apostol type polynomials F (α) n (x; λ; u, v), including the recurrence relations, the differential equations and some connection problems, which extend some known results. As special, we obtain some properties of the generalized Apostol-Euler polynomials, the generalized Apostol-Bernoulli polynomials and Apostol-Genocchi polynomials of high order.
Recursion formulas and differential equations
From the generating function (.), we have
A recurrence relation for the generalized Apostol type polynomials is given by the following theorem.
Theorem . For any integral n ≥ , λ ∈ C and α ∈ N, the following recurrence relation for the generalized Apostol type polynomials F Proof Differentiating both sides of (.) with respect to t, and using some elementary algebra and the identity principle of power series, recursion (.) easily follows.
By setting λ := -λ, u =  and v =  in Theorem ., and then multiplying (-) α on both sides of the result, we have:
Corollary . For any integral n ≥ , λ ∈ C and α ∈ N, the following recurrence relation for the generalized Apostol-Bernoulli polynomials B (α)
n (x; λ) holds true: n (x; λ) holds true:
By setting u =  and v =  in Theorem ., we have the following corollary.
Corollary . For any integral n ≥ , λ ∈ C and α ∈ N, the following recurrence relation for the generalized Apostol-Genocchi polynomials G (α)
n (x; λ) holds true:
From (.) and (.), we know that the generalized Appostol type polynomials F 
By using (.) and (.), we can obtain the multiplicative and derivative operators of the generalized Appostol type polynomials F
From (.), we can obtain
Then by using (.), (.) and (.), we obtain the following result. http://www.boundaryvalueproblems.com/content/2013/1/64
Theorem . For any integral n ≥ , λ ∈ C and α ∈ N, the following recurrence relation for the generalized Apostol type polynomials F (α)
n (x; λ; u, ) holds true:
By setting u =  in Theorem ., we have the following corollary.
Corollary . For any integral n ≥ , λ ∈ C and α ∈ N, the following recurrence relation for the generalized Apostol-Euler polynomials E (α)
n (x; λ; u, ), we have the following theorem.
Theorem . The generalized Apostol type polynomials F (α)
n (x; λ; u, ) satisfy the differential equation:
Specially, by setting u =  in Theorem ., then we have the following corollary.
Corollary . The generalized Apostol-Euler polynomials E (α)
n (x; λ) satisfy the differential equation:
3 Connection problems From (.) and (.), we know that the generalized Apostol type polynomials F From Table  By setting λ := -λ, u =  and v =  in Theorem ., and then multiplying (-) α on both sides of the result, we have the following corollary.
By setting u =  and v =  in Theorem ., we have the following corollary.
By setting u =  and v =  in Theorem ., we have the following corollary.
n (x; λ; u, v), we have the following theorem.
where F By setting u =  and v =  in Theorem ., we have the following corollary.
By setting u =  and v =  in Theorem ., we have the following corollary.
By setting λ := -λ, u =  and v =  in Theorem ., and then multiplying (-) α on both sides of the result, we have the following corollary.
Corollary .
By setting u =  and v =  in Theorem ., we have the following corollary.
Corollary .
By setting u =  and v =  in Theorem ., we have the following corollary.
Corollary .
n (x; λ; u, v), we have the following theorem. http://www.boundaryvalueproblems.com/content/2013/1/64 Theorem . If vα = , then we have
By setting λ := -λ, u =  and v =  in Theorem ., and then multiplying (-) α on both sides of the result, we have the following corollary.
Corollary .
By setting u =  and v =  in Theorem ., we have the following corollary.
Corollary .
which is just the case of α =  in (.).
n (x; λ; u, v), we can obtain the following theorem.
Theorem .
By setting λ := -λ, u =  and v =  in Theorem ., and then multiplying (-) α on both sides of the result, we have the following corollary. 
Corollary .
B (α) n (x; λ) = n m= n m -   α G n-m (-λ)G (α-) m (x; -λ). (.) When α =  in (.),
